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In this paper, we investigat abstract measure integro
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random fixed point theorem of Dhage.
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1.INTRODUCTION

Let X be the real Banach algebra with convenient norm || . Let x ,y € X .Then

the line segment xy in X is defined by

xy={zeX|z=x+r(y-x),0<r<1}

(1.1)
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Let x, € X be a fixed pointand z € X. Then for any X e @ We define the setsS, and
S, ={rx|z=—0<r<1f

S, ={rx|z=-w<r<i

(1.2)

Let XX, €xy be arbitrary .We say x, <X, if S, =S, or ,equivalently X% < XX, .In

this case we also write X, > X, .

Let M denotes the c-algebra of all subsets of X such that such that (X,M) is a

measurable space .Let ca(X,M) be the space of all vector measures (real signed measures)

and define a norm | on ca(X,M) by

[ pl=[p(X)
(1.3)

Where | p| is a total variation measure of p and is given by

IpI(X)=supgl PE)E X,
(1.4)
Where supremum is taken over all possible partitions {Ei e N} of X. It is known that
ca(X,M) is a Banach space with respect to the norm ||| ,given by (1.3) .for any nonempty
subset S of X, let Lﬁl (S,R) denote the space of u —integrable real valued- functions on S

which is equipped with the norm |||, is given by

[P

. = [lp00]d s
S

For ¢ e Llﬂ(S,R) . Let p, p, eca(X,M) and define a multiplication composition o in
ca(X,M) by
(pop,)(E) = p(E)p,(E)
Forall E<€ M .Then we have .
Lemma 1.1.ca(X, M) is a Banach algebra.
Let u be a o finite measure on X,and let pe ca(X, M) We say p is absolutely

continuous with respect to the measure p if u(E) =0 for some E< M. In this case we also

wright
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p<< .
Let X, € X be a fixed and let M, denote the o —algebraon S, .Let ze X be

such that z > X, and let M, denotes the o algebra of all sets containing M, and the sets
of the form S, x e x,z.

Given apeca(X,M) with p<<u,consider the abstract measure integro random

differential equation of the form

SX

da P(S.) - g[x, p(s_x),J'h(t, p(s_t))d,u] a.e. [U] onx,z

(1.6)

p(S,)
o)

measure such that 4 << y,dl is a Radon-Nikodym derivative of A with respect to x
U

f:S,xRxX - R-{0}, g:S,xRxR—>R and the map X —>

Where g is a given known vector measure ,w e X ,A(S_x): IS a signed

g x,p(§x),jh(t,p(§t))dy is pi- integrable for each p eca(X,M,) .

w

X

Definition 1.1. Given an initial real measure g on M, ,a vector peca(S,,M,) (z> X))
is said to be solution of problem (1.5)-(1.6),if

() p(E)=a(E) .EeM,

(i) p0 x on x,z ,and

(lii) p satisfies (5.2.5) a.e. 1] on x,z

Remark1.1.The problem (1.5)-(1.6),is equivalent to the abstract measure integral equation

Sx

P(E):[f (X, p(El),a))]!g{x, p(§x),jh(t, p(S_t))d,u du EeM, Ecxz

(1.7)
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and
b(E)=a(E) if E<M,
(1.8)
A solution p of problem (5.2.5)-(5.2.6) in X,z will be denoted by p(S,.a)-

Note that our problem(1.5)-(1.6),includes the abstract measure differential equation

considered in Dhage and Bellale [6] as a special case .To see this ,define f (x, y,a)) =1 for

all X € X,Z and yeR .then problem(5.2.5)-(5.2.6) reduces to

Dol p(S) [hfuo(E)an| e moni

du .
(1.9)
And p(E)=q(E), EeM,
(1.10)

Thus ,problem (1.5)-(1.6),is more general.
2. AUXILIARY RESULTS

Let X be a Banach algebra and let T: X — X .T is called as compact if T(X) is a
compact subset of X. T is called as totally bounded if for any bounded subset S of X ,
T(S) is totally bounded subset of X . T is called as completely continuous if T is

continuous and totally bounded on X .Every compact operator is totally bounded but
converse may not be true ,however ,two notions are equivalent on a bonded subset of X .

An operator T : X — X is called D -Lipschitz if there exist a continuous and non

decreasing function y : R™ — R" such that

[T =Ty <v (Ix=vl)
(2.1)
For all x,y e X ,where 1//(0)=0 .The function  is called D —functionof T on X .In

particular ,if z//(r) =ar,a >0 . Tis called a Lipschitz with Lipschitz constant « .Further

if <1 ,then T is called contraction with contraction constant « .Again if z//(r)< r for

r >0 ,then T is called a nonlinear contraction on X with D -function v .

Now we are ready to prove the main result of this section.
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Theorem2.1. (Dhage [4]).Let U and U denote respectively the open and closed bounded
subset of a Banach algebra X such that 0eU  Let A B ‘U — X be two operators such

that,
a) A is D Lipschitz

b) B is completely continuous ,and
)Mg(r)<r,r>0 where M =HB(U)H ,

then either

i) the equation AxBx = x has a solution in U or
i) there is a point uedU such that u=AAuBu for some O0<A<1 ,where dU is a
boundary of

Uin X .

An interesting corollary to theorem 2.1 in the applicable form is

Corollary 2.1. Let B,(0) and B,(0) denote respectively the open and closed balls in a
Banach algebra centered at origin O of radius r for some real number r>0 .Let
A,B:B,(0)— X be two operators such that
a) A is Lipschitz with Lipschitz constant o
b) B is compact and continuous and
¢) aM <1 ,where M =B(8, (0))] -
Then either
(i) the operator equation AxBx = x has a solution x in X with |x|<r , or
(ii) there is an u e X with |Ju| =r such that ZAuBu =u for some 0<A<1
We define an order relation < in ca(S,,M,) with the help of cone K in ca(S,,M,) given
by
K={peca(s,M,)|p(E)=0 forall EcM,}

(2.2)

Thus for any Py, P, € ca(X,M) we have

P, <P, ifand only if P, — P, €K
(2.3)
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Or equivalently p<P, < p(E)<p,(E) for allE e M,
(2.4)
Obviously the coneK is positive inca(S,,M,) . To see this let p,, p, € K .then p,(E)>0

and p,(E) >0 forall E e M, .By multiplication composition
(Pop,)(E)=p.(E)p,(E)20
ForallE e M, .Asaresult pop, €K , so K is positive cone inca(s,,M, ) .

The following lemmas follow immediately from the definition of positive cone K in

ca(s,.M,)
Lemma 2.1(Dhagel).Ifu,,u,,v,,v, € K are such thatu, <v, and u, <v, ,then uu, <vyv, .
Lemma 2.2. The cone K is normal inca(S,,M,) .
Proof. To finish it is enough to prove that the norm||| is semi-monotone on K. Let
p,, P, € Kbe such that p, < p, on M, .Then we have

0<p,(E)<p,(E)
Forall Ee M, .

Now for a countable partitiono ={E, :ne N} of S, ,one has

[pl=[p.l(S.)

=p,||
As a result ||| is semi-monotone on K and consequently the cone K is normal in
ca(s, M,) .
Proof of the lemma is complete .
An operatorT: X— X is called positive if the range r(T) of T is contained in the

coneK inK .
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Theorem 2.2(Dhage[4]). Let [u,v] be an order interval in the real Banach algebra X and
let A,B:[u,v] —[u,v] be positive and nondecreasing operators such that

(a) A'iis Lipschitz with a Lipschitz constant «

(b) B is compact and continuous ,and

(c) there exist elements u,v e X with u<v satisfyu < AuBu and AvBv <.

Further ,if the cone K is positive and normal ,then the operator equation AXBx =X has a

least and greatest positive solution in[u,v] ,whenever oM <1 ,where
M = |B[u,v]|=sup{||Bx]|: x € [u,v]}

Theorem 2.3 (Dhage [4] ). LetK be a positive cone in a real Banach algebra X and let

A,B: K — K be nondecreasing operators such that

(a) A'is Lipschitz with a Lipschitz constant «
(b) B is totally bounded and

(c) there exist elements u,v e K with u <v satisfyu < AuBu and AvBv <v.

Further ,if the cone K is positive and normal ,then the operator equation AXBx =X has a

least and greatest positive solution in[u,v] ,whenever oM <1 ,where
M = |B[u,v]|=sup{||Bx]|: x € [u,v]}

3.Existence Results

We need the following defination in the sequel .

Defination 3.1. A function £:S,xRxR — R is called Caratheodory if
(i) x> B(X Y1, Y,) is u-measurable for each y;,y, € R, and
(i) (¥.,¥,)— B(X Y., Y,) is continuous almost everywhere [ «] on X2
A Carathe’odory function # on S, x RxR is called Llﬂ -Carathe’odory if
For each real number r >0 there exists a function h, € Llﬂ(SZ, R, ) such that
1B(% Y0, ¥,) <, (x) ae. [u] on %,z .
Forally,,y, e R with |y <r and |y,|<r.

A function v :R, — R, is called submultiplicative if y (Ar)<Aw(r) for all real number

A>0
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Let ¥ denotes the class of functions y : R, — R, satisfying following properties :

(i)  is continuous ,

(i) w is nondecreasing, and

(iii)y is submultiplicative.

A function v eV is called a D -function onR, .There do exist D functions ,in facts ,the
functiony : R, > R, defined byy (1)=Ar ,A>0isa D-function onR,.

We consider the following set of assumptions :

(A)) For any z>X, ,the o- algebra M, is compact with respect to the topology
generated by  the Pseudo-metric d defined onM, by
D(El,E2)=|y|(E1AE2) E E,eM, .

(A)) The function x —|f (x,0,)| is bounded with F, =sup,

f(x0,0) .
(A,) The function f is continuous and there exists a bounded function functions
a:S, >R’
With bound ||| such that
1 (0h0)~ f (Yoo <a(x o)y, —vi| aefu], xexz
Forall y,,y,eR .

(B,) qis continuous on M, with respect to the Pseudo metric d defined in (AO) :
(B,) The function x — h(x, p(S_X)) is 2 integrable and satisfies
In(t,y)[<7(x)]y| ae. on %z forall yeR
(B,) The functiong(X,y,,Y,) is Carathe’odory.
(B;) There exists a function¢ e LlH(SZ,R*) such thatg(x) >0 a.e.[u]on @ anda D-
functiony :[0,00) — (0,%0) such that
|g(x, yl,y2)|s¢(x)y/(|yl|+|y2|) a.e.[;] on X,z forall y,y,eR .

We frequently use the following estimate of the function g in the subsequent part of the

paper. Forany p € ca(SZ, MZ) , one has
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gpm@»iwnma»mj

S¢(X)W(\P(Sx)

<¢(xv|| P||+SI7(X)||p||dﬂj

<p(x)y (el + I, Iol)
<)L+l Jw (Il

Theorem 3.1. Suppose that the assumptions (A,)—(A,) and(B,)—-(B;) holds .Suppose
that there exist a real number r > 0 such that

Rl +lol, (24171 )
1= o + o, (2+ 1, Jwio) |

r>

(3.1)

Where ||a||[||Q|| +|¢

o+l

. )://(r)} <1 and F,=sup|f(x,0,w) .Then the problem
# XeS,

((1.5)-(1.6), has a solution on @ .

Proof. Consider an open ball B.(0) in ca(S,,M,) centered at the origin and radius r

,where r satisfies the inqualities in (3.1). Define two operators

AB:B,(0) »>ca(S,,M,) by

Ap(E) = 1 if EeM,

(3.2)

A(E) =f(xp(E)o) if EeM, ,Ecxz

and
Bp(E) =q(E) if EeM,

(3.3
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E):jgix,p(S_X),.[h(t,p(S_t))dy]dy if EeM, ,EC@
E S,
We shall show that the operators A and B satisfies all the condition of corollary2.1 on
B, (0) .
Step | : First, we show that A is Lipschitz on B,(0) .Let p,p, € B, (0) be arbitrary
.Then by assumption (A, ,
‘AW(E)_APz (E)‘ :‘ f(x p(E).@)—f(x, DZ(E)"")‘
<a(xo)|p.(E)- p,(E)|
<. - p.|(E)
For all E e M, .Hence by definition of the norm in ca(S,,M,) one has

—

For all p,p,eca(S,,M,) .As a result A is a Lipschitz operator onB,(0) with the
Lipschitz constant |e| .
Step 11 : We show that B is a continuous onB, (0) .Let{p,} be a sequence of vector

measures in I§r(0) converging to a vector measure p .Then by dominated convergence

theorem ,

!TJOB (E) —Ilmj'g{x p.(S ,Ih (t, p, (S ]d
Sy

= B,(E)
Forall Ee M, E c@ Simillarly if E € M, then
limB, (E)=q(E)=8,(E) .
And so B is a continuous operator on B, (0) .

Step 111 : Next ,we show that B is a totally bounded operator on B, (0). Let {p,} be a

sequence inB,(0) .Then we have |p,|<r for all neN.We shall show that the set
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{Bpn ‘ne N} is uniformly bounded and equi-continuous set in ca(SZ,MZ) . In this step,
we first show that {Bpn} is uniformly bounded. Then there exists two subsets F € M and

GeM, ,Gc @ ,such that bounded.
LetEe M, .

E=FuGand FnG=¢.
Hence by definition of B ,

85, () <[a(F)+] gLX’ ACHILC pn(i))dﬂ}*ﬂ
<lall+ [0 (L1 o (Ipul)s

s p(Inl)dz

< o+l (1417 o (Iml) for all

<lal-+ Jo ({41

EeM,.
From (3.3) it follows that

LEARCAICY

=sup3’[B, (E))

O i=n

=Jall+ ol (2+ 71y Jw (I])

=af [l (1+11,, Jw(r)
For all ne N .Hence the sequence {B, | is uniformly bounded in B, (0)

Step IV: Next we show that {Bpn ‘ne N} is a equi-continuous set inca(S,,M,) .Let
E.E,eM, .
Then there exist subsets F,,F, € M, and G,,G, e M, ,G, c @ ,G, c@ such that
E =RuUG, withFEnG =¢

and
E,=F UG, with F,n"G, =¢
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We know the identities
G, =(G,-G,)u(G,nG)
(3.4)
G,=(G,-G)u(G,NnG,)

Therefore we have

d u

g(x, P.(S,). [ h(t.p, (i))dﬂj

- ] o5 ol 5 b

GG

Since g is Caratheodory and satisfies (B, ) , we have that

‘Bpn (El)_Bpn (Ez)‘ S‘Q(Fl)—Q(Fz)‘-F J. g[x, pn(S_X),Jh(t, pn(Q))dde,u

GAG,

<la(R)-a(F)+ [ o2+l Jw(Ip s

GIAG,

Assume that
d(E,E,)=|4(EAE,) >0 .
Then we have E,—>E, . Asaresult F—>F, and |4(GAG,)—>0 .Asqis

continuous on a compact M, , it is uniformly continuous and so

B, (£)-8, (E)]<[a(F)-a(E)+ | s0)(1+1rl Jw(In e

GAG,

—0 as E, > E,

This shows that {B, :ne N} is a equi-continuous set in ca(S,,M, ). Now an application

P
of the Arzela-Ascolli theorem yields that B is a totally bounded operator on B, (0) .Now
B is continuous and totally bounded operator on I§r(o) it is completely continuous
operator on B, (0) .

Step V: Finally we show that the hypothesis (c) of corollary 2.1 .The Lipschitz

constant of A is ||| .Here the number M in the hypothesis (c) is given by

M =HB(|§r (0))”
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:sup{HBpH peB, (r)}
sup{‘Bp‘(SZ): pe I§,(O)}
Now let E € M, .Then there are sets F e M, and Ge M, ,G c@ such that

E=FuGand FnG=¢ .

From the definition of of B it follows that

Bp(E)zq(F)Jrig(x, p(§x),jh<t, p(S_t))d,u]dy

S«

du

B, (F)[<[a(F)+]

G

g@¢@n!wnma»mﬂ

o v (Ip)dz

<Jall+ [#00 {2+

<[l + [ #60(-+171s Jw (Ipl)de

XpZ

s Jwlel) -

=lall+ Il {2+
Hence ,from (4.4.6 ) it follows that

I8, < e+, (141

2 Jw(lel)

For all p € B, (0) .As a results we have

M =[B(8.0)] <[al+ gl (2+ 171, v (Ipl)

Now

aM <o ol + ol (2+ 17, Jo(r) | <1
And so hypothesis (c) of corollary2.1 yields that either the operator AxBx=Xx has a
solution , or there is a ueca(S,,M,)such that|u|=r satisfyingu=AAxBx for some

0< A <1 .We show that this later assertion does not hold. Assume the contrary .Then we

have

u(E)=l[f(x,u(G),a))]Ug(x,u(S—X),s_[h(t,u(S_t))d,ujdy] Jif EeM, ,Ecxz

E
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=2q(E) , if Ee M,
Forsome O0<A<1.
If EcM, then the sets FeM, andGeM, ,Gcx,z such that E=FUG and
F nG =¢ Then we have

u(E)=4Au(E)Bu(E)

=] f (x,u(G),a))](q(F))+E|;g[x,u(8_x),s{h(t,u(S_t))dy]d,u
(S o
fta(S) oo

:ﬂ,[f (xu(G),0)- f (x,O,a))] q(F)+£g£x,u(§x),

ey

R )

G

+ﬂ[f(x,0,w)]£q(F)+Ig x,u(S_x),

Hence

G

u(E)[< 4| f(xu(G).e)-f (x,O,a))‘[‘q(F)HI

dﬂj

of (5. [riea)os

du]

+|f(x,o,w)|[|q(F)|+;

G

of (). friea)os

< Afa0b(@)« ) Jl+ oot 1 Jo()oa

<[lerlul(E) + Fo][||q||+ I ¢(X)(1+||7||L§,)l//(IIUII)dﬂ]

<Ll + 7, el + o, (24171 vl |

(1.1) Which further implies that

ol = el e+ (24, Jo (1) )
ol el (171 Jo (i)

_ Rl ol (110 o (1
e o+l (2 1A o (Jul)
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Substituting |Ju]| = r in the above inequality yields

Follal-+lol, (2+1
1 Il + ¢

sy
A
(3.6)

Which is a contradiction to the first inequality (3.1) .In consequence ,the operator equation

r<

p(E)=A,(E)B,(E) hasasolution u(S_xo,q) in ca(S,,M,) with |Ju||<r . This further

implies that the problem (1.5)-(1.6),has a random solution on @ .This complete the

proof .
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